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A two-level algorithm to compute blend plans that have much smaller number of different recipes, much shorter execution
times, and the same cost as the corresponding multiperiod mixed-integer nonlinear programming is introduced. These
plans become a starting point for computation of approximate schedules, which minimize total number of switches in blen-
ders and swing tanks. The algorithm uses inventory pinch points to delineate time periods where optimal blend recipes
are likely constant. At the first level, nonlinear blend models are optimized via nonlinear programming. The second level
uses fixed recipes (from the first level) in a multiperiod mixed-integer linear programming to determine optimal production
plan followed by an approximate schedule. Approximate schedules computed by the multiperiod inventory pinch algorithm
in most of the case studies are slightly better than those computed by global optimizers (ANTIGONE, GloMIQO) while
requiring significantly shorter execution times. Such schedules provide constraints for subsequent detailed scheduling in
Part II. © 2014 American Institute of Chemical Engineers AIChE J, 60: 2158-2178, 2014
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Introduction

A supply chain is a system of all the activities required to
produce and distribute a product starting from raw materials
to the final product delivery to the end customer. Supply
chain optimization involves making decisions at different
temporal, spatial, and process scales (see Figure 1). Strategic
planning determines decisions such as supplier selection,
plant location, production system selection, distribution
structure, and sales programs. Medium-term planning
defines, in a weekly or monthly basis, the production targets
of each plant site, the necessary stock levels of the invento-
ries at various locations, and how much of each product is
going to be transported from each plant to each warehouse
or storage depot. Short-term planning is similar to medium-
term planning but it is carried out for a shorter time horizon
with smaller time scale (e.g., daily basis). Short-term produc-
tion planning is usually called production scheduling and it
deals with the assignment and sequencing of tasks for spe-
cific production units. Integration of these different decision
levels is one of the main issues in the petroleum supply
chain management due to the large physical supply network
and the complex operations in an oil refinery.'

The refinery is the main element of the petroleum supply
chain. The final section of a crude-oil refinery consists of the
blending units to produce the final liquid products and ship-
ping operations. Minimization of the gasoline blending costs
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has a major impact on profitability of crude-oil refineries.”> A
sample gasoline blending system is shown in Figure 2. Accu-
rate optimization of gasoline blends requires nonlinear mod-
els. Nonlinearities may appear in the blending model due to
(1) nonlinear blending properties, (2) inclusion of the qualities
of future product inventory in the multiperiod model, and (3)
other attributes of the pooling problem. Kelly* pointed out
that formulation of planning models with nonlinearities is
becoming more spread in practice due to: (1) recent complex
government regulations, (2) raw materials being more expen-
sive and of poorer quality, (3) new and more sophisticated
production processes, and (4) higher energy, chemical, and
utility costs.

One approach to gasoline blending is to compute blend
recipes and detailed blend schedules simultaneously via con-
tinuous time model.”® Due to complexity of the mixed inte-
ger formulation, such approaches have been limited to using
linear blending models. Even with linear models, this
approach often leads to very large computational times.
Another approach is to decompose the problem into planning
and scheduling. Gasoline blend planning determines the
ratios of blend components to be used to produce specific
products (i.e., the blend recipes) and the volume to blend of
each product along the planning horizon in order to meet
product quality specifications, product demand requirements,
and minimum blend cost. This has the advantage that nonlin-
ear models can be used at the planning, as integer variables
appear only with the minimum blend threshold constraint.
As blend plans are feasible at the time period boundaries,
the constraints they provide for detailed blend scheduling
may be intraperiod infeasible. Hence, integration of planning
and scheduling is required to ensure feasibility.
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Figure 1. General scheme of hierarchical production planning with respect to (a) spatial scale and (b) time scale.

One problem that practitioners face when using nonlinear,
multiperiod blend planning models is the blend recipe varia-
tions from one time period to another along the planning
horizon, at the solution of the optimization model. In gen-
eral, blend recipes vary for every blend instance and every
time period, and they differ as well from one solver to
another (even though the value of the economic objective
function of the solutions is the same). Current practice is to
avoid such variations by penalizing deviations of blend rec-
ipes in every period from some preferred blend recipe (e.g.,
Mendez et al.”). The disadvantage of this technique is that
the final blend recipe and the cost will depend on the value
given to the penalty coefficients. Another option is to use a
set of preferred blend recipes (e.g., Jia and Ierapetritouz);
however, such blends may not be the lowest cost blends.

This work presents an inventory pinch based, two-level
algorithm to solve two problems:

1. Compute a blend plan based on a nonlinear blend
model, such that the plan has a minimum number of optimal
blend recipes along the planning horizon, and

2. Integrate nonlinear blending with approximate scheduling.

At the first level, we use the inventory pinch concept to
determine minimal number of periods, each one of them
having a single blend recipe for each grade of gasoline. The
inventory pinch points delineate the initial time periods in a
nonlinear programming (NLP) model used to compute these
optimal blend recipes. At the second level, we use these
optimal blend recipes from the first level to formulate a
fixed-recipe multiperiod mixed-integer linear programming
(MILP) to compute:

1. Blend plan: how much of each grade to produce and
when to produce it, and when to change swing tanks from
service to another. This model provides feasible inventory
profiles at the second level period boundaries.

2. Approximate schedule: determine the production
sequence that minimizes blender switches and switches of
the swing tanks from one service to another along the plan-
ning horizon. Period boundaries at the second level are typi-
cally 1/2 day or 1 day long; that duration is set based on the
minimum time a swing tank is expected to be in a given
service. We call this an approximate schedule because it is
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computed by an aggregated model, which does not consider
minimum changeover times and other logistic rules that may
be in place. This is similar to the definition of approximate
scheduling model used by Maravelias and Sung.®

The second level MILP model contains slack variables to
obtain a numerical solution even if it is not physically feasi-
ble. If the second level MILP slack variables have non-zero
values, we subdivide the corresponding period at the first
level NLP model, recompute the blend recipes and then
recompute the second level. Hence, we increase number of
recipes only when such a change is required to ensure opti-
mality and feasibility of the solution.

For blend planning problems, we compare our solutions to
the corresponding full-space mixed-integer nonlinear pro-
gramming (MINLP) model. The results show that the blend
costs computed by the full-space MINLP and our algorithm
are the same. Our solutions have substantially smaller num-
ber of distinct blend recipes and also require much shorter
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Figure 2. Sample gasoline blending system.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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execution times. Approximate schedules computed by our
algorithm define constraints for detailed scheduling. Part II
of this article integrates planning and detailed scheduling by
introducing a third decomposition level, which computes
detailed schedule.

Problem Statement
Blend planning

In this work, we address the gasoline blend planning prob-
lem stated as follows:
Given.

1. A planning horizon [0, HJ.
2. A set of components, their properties, initial inventories,
costs, and flow rates along the planning horizon (i.e., supply
profile).
3. A set of products (i.e., gasoline grades) with prescribed
minimum and maximum quality specifications, their initial
inventories, and corresponding initial quality.
4. A set of delivery orders for each product along the plan-
ning horizon (i.e., demand profile).
5. The maximum blending capacity of each blender.
6. A set of storage tanks and their minimum and maximum
hold ups.
7. Nonlinear blending model.

The Objective is to Determine.

1. The products that the blenders should produce in each
time period and how much.
2. The best blend recipes for each product.
3. The inventory profiles of all the component and product
tanks.
4. Swing tanks allocation in each time period.

Minimizing.
1. The blend cost associated with the amount of blend com-
ponents used.

Subject to.

1. Extending the use of the same blend recipe as long as
possible.
2. If a blender is to produce a product, it must blend at least
a minimum amount.

Assuming.

1. Flow rate profile of each component from the upstream
process is piecewise constant.

2. Component quality profile is piecewise constant.

3. Perfect mixing occurs in the blender.

4. Changeover times between product runs on the blender
are product dependent but sequence independent.

5. Each order involves only one product and is completed
during the respective time delivery window (otherwise, the
problem is considered infeasible).

6. Swing tanks are allocated to a particular service through-
out duration on a given period at the second level of the
algorithm.

Approximate blend scheduling

Blend planning problem is extended to approximate blend
scheduling by:

Minimizing.
1. The blend cost associated with the amount of blend com-

ponents used plus the cost of switching blender operations
plus the cost of switching swing tanks to different service.
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Solution Approach

Although production planning optimization of the global
supply chain of an enterprise can be carried out by a single
MILP and MINLP model, a hierarchical framework is pre-
ferred because: (1) it solves more tractable and smaller-size
models and (2) it does not require large amount of forecast
data, thus reducing the magnitude of the forecast errors in
the planning process.” In a hierarchical planning system,
decisions at the upper levels are made first and they impose
constraints on the decisions at the lower levels. Lower lev-
els’ solutions provide feedback to evaluate the upper levels’
decisions. Each hierarchical level has its own characteristics,
including length of the planning horizon, level of detail of
the required information and forecasts (see Figure 1), and
scope of the planning activity.”

In this work, we solve the gasoline blend planning prob-
lem using the hierarchical framework shown in Figure 3.
The first level computes the optimal blend recipes and the
second level computes how much of a given product and
when it should be blended using the recipes from the first
level. We assume that the flow rates of the refinery interme-
diate products arriving to the blending system (i.e., blend
components) are given by the solution of the refinery plan-
ning level; therefore, the inventory cost need not to be
included in the gasoline blend planning model as the refinery
will carry the inventories as either blend components or as
finished gasoline grades.

Aggregate planning

To reduce the disadvantages of a detailed formulation
(e.g., large execution times, intractable models, large effect
of the forecast errors and so forth), models at the upper lev-
els are usually aggregated formulations of the lower levels.’
The adjective “aggregated” indicates that (1) some resources
or tasks have been grouped into corresponding families and/
or (2) the availability of the resources in one time interval is
the cumulative amount available during that interval. Several
aggregation/disaggregation techniques for production plan-
ning have been discussed in the literature. Nam and Logen-
dran'® presented a survey of methodologies to formulate and
solve aggregate production planning problems.

Bitran and Hax’ proposed a hierarchical planning model
of a multiproduct batch plant. Feedback and interactions
among the hierarchical levels are carried out by incorporat-
ing conditions not included initially in the models.

Axsater and Jonsson'' presented a planning model for a
manufacturing company where items and machines are
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grouped according to the ratio between capacity require-
ments and available capacity, or according to the flows of
items. Disaggregation is carried out by simulation using two
different heuristic procedures.

Verderame and Floudas'? proposed a multiperiod MILP
planning model of a multisite production and distribution
network. The model computes the daily production profile
for each facility and the shipment profiles from the facilities
to the distribution centers. Key assumptions in their model
are: (1) sequencing constraints are not included (i.e., the
solution of the planning model will be used as a basis to
compute the detailed schedule), (2) more than one task can
be executed by the same unit in the same facility and the
same time period, and (3) unused time of the production
units is transferred to future time periods. Therefore, the
time periods, even as small as one day, can be considered as
aggregated periods. Assumption (1) reduces the number of
discrete variables, and Assumptions (2) and (3) eliminate
unnecessary downtime of the processing units due to finite
discretization of the time horizon. Comparison with the Kall-
rath planning model for multisite production (Timpe and
Kallrath13) shows that Verderame and Floudas'?> model
yields a tighter upper bound on the true production capacity.

Thakral and Mahalec'* developed an algorithm that opti-
mizes blend recipes using a multiperiod MINLP planning
model, minimizes blender switches through the use of a
genetic algorithm, and detects infeasibilities via agent-based
simulation. The time periods of the MINLP model are con-
sidered as aggregated as the same resources (e.g., blenders)
are shared for different tasks (e.g., blends of different prod-
ucts) in the same time period; therefore, intraperiod infeasi-
bilities may appear. If an infeasibility is encountered, the
corresponding period is subdivided and the blend recipes are
recomputed. The iterative algorithm stops when no infeasi-
bilities appear.

Pinch analysis was used in aggregate production planning
by Singhvi and Shenoy.'> They presented the demand and
production composite (cumulative) curves, as well as a grand
composite curve that showed the inventory levels as a func-
tion of time. They define the pinch as the point where the
production composite touches the demand composite. They
considered only one product and their main objective was to
determine the production targets along the planning horizon
from the pinch analysis, and then use these targets to solve a
MILP model that minimizes the material, inventory, and
labor costs, subject to material balance equations and pro-
duction capacity constraints. The inventory levels are penal-
ized in the objective function but no inventory capacity
constraints are included. This methodology aims to provide
at least a near-optimal solution. Singhvi et al.'® extended the
pinch analysis to the scenario with multiple products and
presented an algorithm to determine the production sequence
based on some heuristic rules and assuming that the demand
must be met only at the end of the horizon. Ludwig et al.'’
applied the pinch analysis of Singhvi and Shenoy'® to a pro-
cess with seasonal supply. The composite supply curve is
constructed similarly to the composite demand curve and the
composite production curve must not cross either curve to
avoid supply shortages or product stock-outs, respectively.

Foo et al.'® implemented the graphical pinch methodology
from Singhvi and Shenoy'’ into an algebraic technique
which can be easily programmed into a spreadsheet. They
include minimum and maximum product inventory con-
straints and the capability of scheduling a plant shut down.
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However, their algorithm considers only one product. They
pointed out that further improvements of this technique were
required to handle more complex supply chain planning
problems; they expressed a belief that pinch analysis may
provide a deeper analysis of the physical problem. They
viewed the pinch point as an indicator of the time within a
planning horizon when more accurate forecast data were
needed because the pinch point represented the scheduling
bottleneck.

Castillo et al.'” defined the inventory pinch point for the
gasoline blend planning problem in a similar manner to
Singhvi and Shenoy,'” but they utilized it to define the
aggregated time intervals where one single blend recipe per
product was likely to be used without incurring an infeasible
operation. In addition, Castillo et al." included in their
model: nonlinear product quality constraints, blending equa-
tions, availability of raw materials, time delivery windows,
and capacity loss due to product switching in the blenders.

Inventory pinch concept

In this work, we use an aggregation/disaggregation
approach based on inventory pinch points in order to (1)
reduce execution times when compared with full-space
MINLP model and (2) reduce the number of different blend
recipes. A brief review of the inventory pinch concept is pre-
sented next; a more detailed explanation is found in Castillo
et al.'’. To explain the inventory pinch concept, we define
the cumulative total demand (CTD) curve and the cumula-
tive average total production (CATP) curve. The CTD curve
is constructed by adding the cumulative demands of all prod-
ucts over time. The CATP curve consists of straight line seg-
ments, its starting point at time zero is the initial total
product inventory available to deliver (i.e., the sum of all
initial product inventories minus the minimum hold ups of
the tanks), denoted as V(0), and its final point at the end of
the planning horizon corresponds to that of the CTD curve
plus the final aggregated target inventories. The slope of
each segment of the CATP curve must be equal or greater
than zero and less than the maximum aggregated blending
capacity (i.e., all blenders are aggregated as one single
blending unit). The slope of the CATP curve can only
change if the CATP is touching the CTD curve. CATP curve
has the minimum number of segments required to remain
above the CTD curve within the planning horizon. The
inventory pinch points are defined as the points in time
where the CATP curve changes its slope. Figure 4 shows
examples of this concept and the grand composite curve
which is computed as the difference between the cumulative
total production (CTP) curve and the CTD curve. The inven-
tory pinch points delimit the smallest number of time inter-
vals were a constant blend recipe is likely to lead to a
feasible blend plan; that is, no inventory infeasibilities
appear when disaggregating the first level decisions at the
second level. An inventory infeasibility is defined as the
missing volume to fulfill certain demand order or the over-
flow (or runout) that occurs in a storage tank.

Outline of the algorithm

At the first level, the boundaries of the time periods are
delimited by the inventory pinch points, or by the times
when the quality values of the blend components change,
and the times when the unit cost of blend components or
products vary. At the second level, the boundaries of the
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

time periods are defined by the planner based on operational
conditions, for example, the minimum time a storage tank
will be holding a specific product or the minimum time that
a blending unit will require to produce the minimum thresh-
old amount. In addition, boundaries of the first level also
become period boundaries at the second level. Notice that
the length of the time periods at either level does not need
to be uniform. For sake of exposition, the time periods of
the first level are denoted as L1-periods and those of the sec-
ond level as L2-periods. One L1-period contains one or
more L2-periods; therefore, the product demand, blend com-
ponent supply, and blend capacity in a Ll-period are the
aggregated values of the corresponding L2-periods (see
Figure 5).

The inventory pinch points delineate the time periods of
constant blend recipes that do not produce inventory infeasi-
bilities due to peaks in demand because these peaks are
already considered in the computation of blend recipes.
However, other inventory infeasibilities can appear due to

the logistic constraints such as minimum blend runs, specific
production sequences, or due to highly variable supply pro-
files of blend components. As these infeasibilities cannot be
detected in advance, they will be accounted for in an itera-
tive manner that refines the blend recipes if inventory infea-
sibilities are encountered. Hence, the inventory pinch
concept allows us to start with the smallest number of time
periods at the first level and increase that number only if
required to eliminate inventory infeasibilities. It also pro-
vides the minimum production quantities to meet the demand
of each product by solving a simple material balance for
each time period delimited by pinch points: (aggregated pro-
duction) = (aggregated demand) + (final inventory) — (initial
inventory).

Although we consider only one storage tank per blend
component, we assume that there are tanks that may store
different gasoline grades at different times in the planning
horizon, that is, swing tanks. At the first level, individual
product tanks are aggregated into a single inventory capacity,

1* level
Blend Recipe Optimization
(1) Optimal blend recipes are computed using
nonlinear quality constraints.

unit.

(2) Individual tank capacities are aggregated as pools.
(3) Blenders are aggregated as one single blending

Time grids

Inventory pinch points, quality
changes of blend components,
and unit cost variations

L1-periods

(1) Blend recipes.
(2) Inventory levels at the L1-periods’
boundaries.

(1) Where to subdivide LI-periods.
(2) How much to blend in each L1-period.

2" level

tanks to specific products).

Blend Planning and Approximate Scheduling
(1) Production plan for each blender is computed. i
(2) Storage tank management (i.e. allocation of swing I T Y Y M N T Y |

L2-periods

Figure 5. Inventory pinch based algorithm for gasoline blend planning and approximate scheduling.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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that is, a product pool; then at the second level, these pools
are disaggregated into individual storage tanks.

Mathematical Models

The models presented here are developed based on the
gasoline blend planning problem; however, they can be used
for similar processes with few modifications. The following
sets are used:

= {(x) | set of different supply flow rates of blend components}
= {(bl) | set of blenders}

E {(e) | set of quality properties }
= {(i)l set of blend components}
= {(j) | set of product storage tanks}

{(k) | set of time periods at the first level or L1-periods}
{(m) | set of time periods at the second level or L2-periods}
{(0) | set of orders}
{(p) | set of products}
{(bl, j) | blender bl can feed tank j}
{(bl, p) | blender bl can process product p}
= {(j, p) | tank j can hold product p}
= {(k, o) | blend component supply profile a occurs within LI-
period k}

MA = {(m, o) | blend component supply profile a occurs within L2-

period m}
= {(m, k) | L2-periods contained in each L1-period}

MKEF = {(m, k) | last L2-period of each L1-period}

K
M=
0=
P=
BJ
P

First level—Blend recipe optimization

The objective of the first level is to determine the volume
fractions (i.e., blend recipes) to mix different blend compo-
nents available at the refinery in such a way that the final
products meet the demand and quality specifications and the
blend cost is the minimum possible. The values of the prod-
uct demand, blend component supply, and blend capacity are
aggregated values for each of the L1-periods. At this level,
product storage tanks are aggregated into product pools. The
objective function defined by Eq. 1 minimizes the blend cost
and the inventory infeasibilities. The penalty coefficients for
the product slacks variables are much greater than the pen-
alty coefficients for the component slacks variables (i.e.,
Penaltypoo1 1 >> Penaltyy,. ;). The blend cost is given by
Eq. 2. Slack variables will be zero at the optimal solution
(i.e., penalty coefficients will not affect the final blend cost);
if slack variables have non-zero values, then the problem is
infeasible as there are not enough blend components to blend
products as required by the quality specifications or demand
requirements.

Since the inventories will be at the minimum level
allowed at the end of each L1-period (because the CATP
curve touches the CTD curve), the inventory cost need not
to be included in the objective function of the first level

min Z; 1 =Blend Cost |

K > iey Penalty ve 1y - (SI;:,L] (i, k) +Spery (0, k))
2 . ]
k=t + EpeP Penalty pool L1~ (Spool,Ll (177 k) +SpooLL1( ’ k))
)]

Blend Cost = Z ( Z Cost e (i

k=1 \i€l peP

comp L1 (l P, k)) (2)

The volume balance equations and inventory constraints
for component and product tanks for every period k are
given by Egs. 3-6
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> [Fre (i,a) - toe (@, k)]

aeKA
+Voe Lt (i k= 1) = Ve L1 (i,k) =
3
VeompL1 (12, k) +Spe 1 (i k) =Spe 11 (1, k) =0
Vi, k> 1
Vitend,L1 (7, &)+ Vpoo.L1 (P, k= 1) = VpoorL1 (P, k)

—Demand pool,L1 (P k)+Sp001 L1 (p’ k)_

_ 4)

pool,Ll (p7k):

Vp, k > 1
TN (1) < Vieri (i, k) < V(i) Vi k 5)
n:;(?l ) < VpoolLl(p k) n:):gi ) Vp,k 6)

In Eq. 3, o stands for a specific supply profile of blend
components. Parameter #,. 1 (o,k) defines the aggregate dura-
tion of the time intervals when supply profile o occurs dur-
ing period k. Notice that the sum of the durations of these
time intervals must be equal to the length of period &k

Z toe,L1 (@, k)=t (k)

acKA

Therefore, the first term in Eq. 3 represents the aggregated
availability of blend component i in period k. Equations 7
and 8 specify the initial inventories of the component tanks
and product pools, respectively

VieL1 (i, k=0)=V2" (i) Vi @)
pool.Ll (P, k:o) = 1;?(:} ) VP (8)
Equations 9 and 10 are used to determine the blend rec-

ipes. Equation 11 sets the minimum and maximum composi-
tions of each product

Vcomp‘,Ll(LPak):r(iapak) : VblendLl( 7k) Vl’,pk Z 1 (9)
> r(ipk)=1 Vpk>1 (10)

iel
mm (l p) < ’(l p7k) S rmax (l7p)
Equations 12a and 12b are the linear quality constraints,

that is, the quality property e is assumed to blend linearly in
a volumetric basis

Z Vcomp,Ll (i,p, k) : ch (la e, k)

Vip, k> 1 (11)

iel
<0y (pye) - Votenar1(p, k) Ve,p k> 1 (12a)
Zvcomp.Ll l7p7k) : QbC (iveak)
lEl
mm (P ) VblendﬁLl (P; k) ve7p7 k Z 1 (12b)

Equations 13 and 14 are the nonlinear quality constraints;
they are expressed as a function of the blend recipe and the
qualities of blend components

Qpr (p7e7k):f(r(i’p7k>7QbC (iveyk))
On" (p,e) < 0 (pre,k) < O™ (poe) Ve,pk>1 (14)

Ve,p,k>1 (13)

The only nonlinear quality constraint in our case studies is
Eq. 15, which computes the Reid vapor pressure (RVP)
(Sing et al.)
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Equations 1-15 complete the NLP model for the first
level. In the first iteration of the algorithm, the volumes to
be blended in each Ll-period are the minimum amount
required to fulfill the demand. This provides a lower bound
of the global blend cost.

It is important to note that discrete variables are not
required at the first level to observe minimum blend size
thresholds and maximum blenders’ capacities. The volumes
to be blended are adjusted if needed before solving the first
level model (see Algorithm Steps).

Second level—Blend plan optimization and
approximate blend schedule optimization

The blend plan defines (1) how much to blend of each
product and in which blender in each L2-period; (2) alloca-
tion of swing tanks to specific products in each L2-period;
and (3) the inventory profiles of all storage tanks along the
planning horizon.

The second level uses the optimal blend recipes from the
first level: the blend recipes of each L1-period are fixed in
the corresponding L2-periods. The aggregated decisions of
the first level are now disaggregated at the second level.
This disaggregation step uses a MILP model to set con-
straints such as the minimum blend size threshold, and
others that require discrete variables. The second level is
solved first as a blend planning problem. This enables rapid
computation of an optimal blend plan which is feasible with
respect to the component and product availabilities and
inventories. Once an optimal blend plan is known, schedul-
ing of blenders and swing tankage is carried out (approxi-
mate scheduling).

Blend Planning—Objective Function at the Second Level.
The objective function of the second level, Eq. 16, mini-
mizes the blend cost and the inventory slack variables.
Inventory slack variables will be zero at the solution of the
second level if a feasible operation can be obtained using the
blend recipes computed at the first level. If this is not the
case, the inventory slacks will show which specific products
and in which L2-periods cannot be produced in the amounts
required to meet the demand. To ensure this, two things are
required:

1. Penalty coefficients for the products’ inventory slack
variables are smaller in comparison with the penalty for the
components’ inventory slacks (i.e., Penaltyy.;, >> Penal-
typr,LZ(m) v m)

2. The penalty coefficients for the product inventory
slacks  decrease with time (i.e., Penaltyp.-(m)>
Penaltyp, 1 2(m + 1) V m) to move the inventory infeasibil-
ities as late as possible in the planning horizon, thus max-
imizing the use of a given blend recipe. The penalty
coefficients must decrease as fast as possible and after
each L1-period boundary a significant change must take
place.

If the solution of the MILP has inventory infeasibil-
ities, it signifies that component supply or blender con-
straints are such that the recipes computed at the first
level are not feasible within a L1-period. The algorithm
will subdivide such L1-periods and reoptimize the blend
recipes
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M
min Z{%* =Blend Cost 15+ Z
1

m=
> icy Penalty v 12 (m) - (S pera(

Ske, L2(i7 m))

+ 3 pep Penalty poor12(m) - ( Sgoor 2 (P, 1) +S 001 12 (P, ))

+ e Penalty o (m) - (S;‘Lz(/',m)-l—Sl;’Lz(/}m))
(16)

Equation 17 computes the blend cost

M
Blend Cost,= Z ( Z Z Costpe (
(

m=1 bl p)eBP i€l

comp L2(1 p, bl m))

a7

Approximate Scheduling—Objective Function at the Sec-
ond Level. After the blend recipes of the first level have
been proven to generate a feasible blend plan, then, the
approximate scheduling is solved. The scheduling objective
function at the second level (Eq. 18) minimizes the number
of possible product transitions in the blenders (xey(bl,g))
and in the product storage tanks (uep,(j,m)), as well as the
number of blend instances (xp(p,bl,m)). Binary variable
xp2(p,bl,m) defines a blend instance; that is, it determines if
product p is going to be produced in blender bl during
period m if its value is 1. Blend instances are penalized
because a solution at the second level can suggest to blend
the same product in the same blender for several adjacent
L2-periods, thus not incurring in a penalty for product
changeover in the blender; however, long blend runs are
inefficient if the blender is not working close to full
capacity. Therefore, it is better to have the minimum blend
instances, and then reduce the expected number of product
changeovers (i.e., PenaltyBR;,(bl) >> PenaltyBS;,, for all
bl). Because the inventory slacks are zero at the blend plan-
ning solution, we know that the blend recipes and inventory
targets from the first level solution can yield a feasible blend
plan; then, if those are fixed at the second level, the blend
cost need not to be included in Eq. 18

M Z(bl pepp PenaltyBR 12(bl) - x2(p, bl, m)

minZ% = E

m=1 | > c; PenaltyTS 15(j) - ue 12(j, m)

G
+ (Z PenaltyBS | - xe L2(bl,g)> (18)
g=1 \bleBl
Thus, the total cost at the second level is given by

Zi,=278% + 7. Given the assumption that the flow rates
of blend components are given by the solution of the refinery
planning level, the inventory cost need not to be included in
the gasoline blend planning level as the refinery will carry
the total inventories as either blend components or as fin-
ished gasoline grades.

Constraints at the Second Level. The volume balance
equations for blend component tanks for every L2-period are
given by Eq. 19
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Z Fre (i,a) - the2(a,m)+Vie 2 (i,m—1)
acMA

_VbcﬁLZ(ly m) - Z VcompﬁLZ(l.ypa bl ) m)
(bl p)eBP (19)

+S;—C,L2(i’ m)_Sb_c,LZ(iv m)=0
Vi,m > 1

Once again, « stands for a specific supply profile of blend
components. Parameter #,.1,(o,m) defines the aggregate
duration of the time intervals when supply profile « occurs
during period m. Notice that the sum of the durations of
these time intervals within a L2-period, must be equal to the
length of such L2-period

Z toe12(a,m)=t2(m)

acMA

Similarly to Eq. 3, the first term in Eq. 18 represents the
aggregated availability of blend component i in period m. In
our case studies, there is only one interval o in each L2-
period m.

Equation 20 fixes the blend recipe in its corresponding
L2-periods. Note that r(i,p,k) is a parameter and not a vari-
able at the second level

Vcomp,L2(iaPa bl, m) :i”(i,p, k)
- Vplend,L2(p, bl,m) Vi, (p, bl)
€BP, (m, k) € MK (20)

Equation 21 establishes that a blender may only blend a
certain number of products during a L2-period. x»(p,bl,m) is
a binary variable with value of 1 if product p is blended in
bl during period m, and 0 otherwise

> x1a(p,bl,m) < np (bl )¥bl,m > 1 @1

pEBP

Maximum blender capacity is enforced by Eq. 22.
Because every product transition in the blender involves an
idle time (due to sensor recalibration, equipment start-up, or
other reasons), part of the blend capacity is lost. We assume
that the blend capacity loss is equal to the product of the
maximum blending capacity and the minimum idle time
required by a blender to process product p

> pepp Volena L2 (p, bl m) +Fiiet, (bl)
: ZpEBP (itlr)nlieTm (p7 bl ) ' xLZ(p7 bl ’ m))
< P, (01) - 12(m)
Vbl,m > 1

(22)

A blend run of a particular product must be less than or
equal to the volume that the blender can process at maxi-
mum blending capacity in period m (Eq. 23), and greater
than a threshold amount prespecified by the planner (Eq.
24). A blend run of any product must be greater than the
volume that a blender can process at minimum blending rate
in period m (Eq. 25)

Vilend,L2(p, bl m) < Fpian, (bl) - to(m)

Viena.L2(p, bl,m) > Fypn , (bl) - oim ; (bl )
-x2(p,bl,m) V(p,bl) € BP, m>1

Equations 22-25 are not enough to guarantee feasibility.
The running times of each blend must be estimated and their
sum plus the idle time must be equal to or less than the
duration of the corresponding L2-period m. Equation 26 con-
straints the running time of a blend to be equal or greater
than the minimum running time. Equations 27 and 28 set the
lower and upper limits of a running time of a blend, respec-
tively. Equation 29 enforces that the sum of the running
times, plus product changeover times, is equal to or less than
the L2-period duration

(25)

tblend,LZ(p7bl7m) 2 t?lg;d (bl) - x2(p,bl,m) V(p,bl)
€BP, m>1 (26)
Vi n :bl )
totend,L2 (P, DL, m) > W V(p,bl) € BP, m
Fblend (bl )
>1

(27
Vblend7L2 (P, bl ) m)

A

totena.L2 (P> bl m) < Y(p,bl) € BP, m

Fijtha (b1)
>1
(28)
Z lblend,LZ(pvblam)+ Z itg}(i;:ld (p,bl) - x12(p,bl,m)
peBP pEBP
< Z‘Lz(}’)’l) Vbl,m >1 (29)

Equations 30 and 31 are the volumetric balance equations
on the product pools and the individual storage tanks,
respectively

Zbl cBP Vblend,LZ (p7 bl 5 m) +Vp0017L2 (P: m— 1)

- Vpool,LZ (P, m) —Deliver pool, L2 (P> m)

(30)
800112 (P M) =S oo 12 (P 1) =0
Vp,m>1
Zb] cppy Virans,L2 (1'7]77 bl,m) VL2 (in: m— 1)
—Vprr2(j, p,m)—Deliver 12 (j, p, m)
pr pr an

+S[;,L2(i’m)7sl;,]~2(/’ m)=0
v (j,p) €IP, m=1

The volume blended of product p in blender bl can only
be sent to one product tank j during L2-period m, and that
tank j must contain already product p or be empty (i.e., mix-
ing of different products is not allowed in storage tanks).
These constraints are represented by Eqs. 32-35. Binary
variable vy (j,p,bl,m) specifies if product p is transferred
from blender bl to product tank j during period m. Binary
variable uy(j,p,m) specifies if product p is being stored in
product tank j during period m

VtransA,LZ(/}pv b17m) < F{Rgﬁd (bl) : [LZ(m) : VL20,P7b1»m)
vV (bl,p) € BP, (j,bl) € BJ, (j,p)e JP,m>1

23 32
Sl blm) Vbl eBP, m=1 ) | ¢
ZI‘GJP Vtrans,LZ (/7p7 bl ) m) :Vblend‘,LZ (P> bl ) m)
Viend12(p, bl ,m) > VMIN ., (p, bl ) . (33)
24) v (bl,p) € BP, (j,bl)e BI,m>1
xi2(p,bl,m) ¥(p,bl) € BP, m>1
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ZjeJP via(j,p,bl,m) <1
YV (bl,p) € BP, (j,bl)e BI,m>1
via(j, p, bl,m) < ua(j,p,m)
YV (bl,p) € BP, (jbl)e BI, (jp)e P, m>1

(34)

(35)

Equation 36 states that only one product can be stored in
a product tank j during a period m. Equation 37 constraints
the volume stored of product p in tank j to be less than the
maximum capacity of such tank. Equation 38 relates the
product pool inventory with the individual tank inventories

> us(ipm)=1Y j, m (36)
peJP
VPTLZ(japam) < Vgl]_ax (/) : uLz(/',p,m) v (/ap) € JPvm
(37)

Vpool.LZ (p7 ’n) = ZjEJP Vpr,L2 (japa m) v p,m (38)

Binary variable uey,(j,m) is introduced to determine if a
product transition in tank j has taken place at the beginning
of period m (Eqs. 39 and 40). Equation 42 forces a product
transition to occur on tank j if it is empty at the end of the
previous period m

ueLZ(i7m) > uLZ(jap’m)iuLZ(jupamil) v (/ap) € JP7m > 1

(39)
UCLz(j,m) Z uLZ(ivpam_l)_uL2(j7p>m) v (]717) € JP>m Z 1
(40)
Vpr,LZ(jvpvm_l) S ngax (j) : (l_ueLZ(jam)) v (./7[7) <€ JP,m 2 1
(41)

Equation 42 defines the products stored in the product
tanks at the beginning of the scheduling horizon

MLZ(jvpvm:O):uStan (va) N (/7[7) € Jp (42)

Inventory constraints on storage tanks are given by Egs.
43-45. Maximum pool capacity is no longer enforced at this
level as there are constraints on the individual product tanks
(see Eq. 37)

VN (i) < Viera(i,m) < VI (i) Y i;m (43)

VioolL2(p,m) > Vies (p) ¥ p,m (44)
Vpr,LZ(jvpam) Z V:;:m(j) 'uLZ(jvpvm) \V/ (jvp) € JP,m
(45)

Inventory levels at the boundaries of the L1-periods must
be equal at the corresponding point in time at the second
level. This is enforced by Eq. 46

Vpool,Lz ([77 m) :VpoolﬁLl (Pa k)

Equations 47 and 48 set the initial state of the component
tanks and product tanks, respectively

Y p,(m,k) € MKF  (46)

Viera (i, m=0)=V3at (j) v i (47)
Vor2(j,p,m=0)=V3¥ (j,p) ¥V (j,p) € JP (48)

Equation 49 constraints the shipped/lifted amount of prod-
uct p from tank j in period m to be equal or less than the
volume that such tank can deliver at maximum delivery rate
during period m. The amount of product p delivered by all
product tanks is equal to that amount delivered from the cor-
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responding product pool (Eq. 50). Equation 51 establishes
that the demand must be met in each L2-period

Deliverpr,LZ (japa m) S Dg}ax ) : [LZ(m) . uLZ(j7p7 m)

(49)
v (jp) € IP,m>1

Deliver poor12 (p, m)= Z/’EJP Deliver pr12(j,p,m) ¥V p,m>1
(50)

Deliver poor12(p, m)=Demand pr12(p,m) ¥V p,m>1 (51)

Equation 50 is used when the demand requirement for
each L2-period is known exactly, that is, the delivery win-
dows of the orders do not span more than one L2-period.
Equation 50 can be substituted by Eqgs. 52-55, which are
included in order to handle delivery windows spanning sev-
eral L2-periods. Equation 52 establishes that the amount
delivered in period m is equal to a fraction of the total
demand of order o, denoted as ofj,(o,m). uofi,(o,m) is a
parameter that represents if order o can be delivered in
period m if its value is 1 (i.e., delivery time window of order
o is contained totally or partially by L2-period m), or not if
its value is zero. Equation 53 ensures that only the con-
tracted demand for order o is shipped/lifted. Equation 54
forces completion of order o within the scheduling horizon.
Equation 55 constraints the fraction delivered of order o dur-
ing period m to be less than the maximum possible delivery
of such order

Deliver poor,L2(p,m)=_,cop Demand (0) - of 15(0,m) V p,m > 1

(52)
of 12(0,m) <uofra(o,m) ¥V o,m>1 (53)
M
> of a(o,m)=1 ¥ o (54)
m=1
Demand (0) - of 12(0,m) < DI (0) - dtia(o,m) ¥V o,m > 1
(55)

Constraints Specific to the Approximate Scheduling at the
Second Level. Equations 56-61 are included in order to
compute the product transitions in the blenders. The produc-
tion sequence of each blender is determined by binary vari-
able yj»(p,bl,g), which is computed based on the values from
variable xp,(p,bl,m). The g index refers to position in the
sequence where product p is processed by blender bl; that is,
g can be interpreted as well as a time slot to allocate the
blend instances of period m to estimate the production
sequence of blender bl. The number of these slots for one L2-
period is equal to the number of different products. Equation
56 defines the products being processed in the blenders at the
beginning of the scheduling horizon. Equation 57 ensures that
only a product that is being blended in period m is allocated
in a slot g corresponding to m. Equation 58 constraints that
only one product can be allocated in slot g. Equation 59
allows a product being blended in period m to use more than
one slot g corresponding to m. Equations 60 and 61 determine
if a product transition has taken place. xe;»(bl,g) is a continu-
ous variable that can only take 0—1 values due to Egs. 60 and
61, and for being penalized in Eq. 18

yLZ(p7b17g:0):xStan (pvbl) v (bl:p) € BP (56)
yLZ(va]:g) SxLZ(pab]am) v p,bl,(g7m) € GM (57)
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ZpePyLz@ablag) < v blag > 1 (58)
> eem12(pblg) = xia(p,bl,m) V¥V p,bl,m>1  (59)

XeLZ(blag) 2 yL2(p7blvg)_yL2(p7blvg_l) v pvblag Z 1
(60)

xe12(bl, g) > ya(p,bl,g—1)=yr2(p,bl,g) V p,bl,g >1
(61)

It is important to note that the production sequence given by
yro(p,bl,g) provides a lower bound of the number of product
transitions in the blenders, but the actual production sequence
must still be computed. This is done in Part II of this article
where detailed scheduling is integrated to the model.

Note that the second level MILP model does not deal with
the blend recipe optimization and do not include the nonlinear
terms corresponding to the quality constraints. Thus, all the
nonlinearities intrinsic to the blending problem are solved at
the first level. Appendix shows that the first and second level
models are equivalent to full-space MINLP model.

Corresponding full-space MINLP model

Corresponding full-space MINLP model can be obtained
from the second level model by dropping Eq. 20 and adding
the following equations from the first level (such equations
and its variables are written for all m > 1):

e The blend recipe computation: Eqs. 9-11; and

e The quality constraints: Eqs. 12a—15.

Although it is possible, we do not include constraints to
minimize blend recipe variation to find the optimal solution
of the original full-space MINLP model and compare it with
the solution of our algorithm.

Special case: full-space MILP model

The second level model can be transformed into a full-
space MILP planning model if:

a. Blend recipes are not required to be computed directly
in the model. In this case, Eq. 20 is dropped from the second
level model, and Eqgs. 62 and 63 are added

Z Veomp,L2(i, P, bl , m)=Vpiena 12 (p, bl , m)
icl (62)
Vi, (p,bl) € BP,m>1

™ (i,p) - Vorena,L2(p, bl m) < Veomp 12 (i, p, bl m)
<™ (i,p) - Volena12(p, bl , m) (63)
Vi, (p,bl) € BP,m> 1

a. All the quality properties are assumed to blend linearly
(Egs. 12a and 12b are added to the second level model but
rewritten for all L2-periods) or if the nonlinear equations
can be rewritten as linear constraints (e.g., the RVP nonlin-
ear constraint given by Eq. 15 can be substituted by Eq. 64,
which is linear)

min (p, )" - Viena.12(psm) < 3ies Veompaa (i, p m)
'ch (l; e, m)lAZS < leax (P, 3)125 : Vblend,Ll (P: m) (64)
VY e= RVP,pm>1

This linear transformation allows us to compare perform-
ance of our algorithm with a full-space MILP model. Not all
nonlinear quality constraints can be rewritten exactly as lin-
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ear constraints, and the aim of our algorithm is to handle
problems with those nonlinearities.

As blend recipes are not computed directly by the model, it is
only possible to minimize variations with respect to a given set
of preferred blend recipes. These constraints are not included to
find the optimal solution of the original full-space model.

Multiperiod Inventory Pinch Algorithm for
Gasoline Blend Planning

The flowchart of the multiperiod inventory pinch (MPIP)
algorithm is presented in Figure 6. Although this algorithm
is based on the gasoline blend planning problem, it can be
applicable to any system or process with similar features.
The steps of the algorithm are the following:

Step 1: Construct the cumulative curves (CTD and CATP)
and determine the pinch point(s) location.

Step 2: Set iteration counter iter = 1. Divide the planning
horizon (at the first level) in the number of L1-periods indi-
cated by the pinch points and the times when the quality val-
ues of the blend components change (i.e., K My,

Step 3: Solve the first level Blend Recipe Optimization model.

e In the first iteration (iter = 1), the volumes to produce of
each product in each L1-period k are the minimum amounts
required to meet the aggregated demand in each L1-period

Vblcnd,Ll ( 5 k) =Demand pool,L1 (p7 k) +V::(§le_;dl (pa k) - Vpoo],Ll (pa k— 1)
(65)

where V;fff L1 (pk) is the target inventory. Notice that if no
target inventories are set, V;fff il (p.k) = V{,“;}}LU ).

o If VijenaL1(p.k) violates the maximum blend capacity or
the minimum blend size threshold constraints, volumes are
adjusted by moving the least amount possible of volume to
previous L1-periods (i.e., preblending).

e In subsequent iterations (iter > 1), the volumes to pro-
duce are defined according to the solution of the second
level (see Step 0).

e If any inventory slack variable has a non-zero value at
the solution, the problem is infeasible as the availability or
quality of blend components is not sufficient to meet the
product quality specifications (or to deliver the product
within the delivery window). Stop.

Step 4: Solve the second level Blend Planning model.

Step 5: If the inventory slack variables from Step 4 are
zero, an optimal blend plan has been found; go to Step 8.
Otherwise, continue to Step 6.

Step 6: Subdivide the L1-period with the first infeasibility
(see Figure 7).

e The volumes to be blended in each new L1-period are
given by the solution of Step 5 plus the positive slacks
minus the negative slacks

VitenaL1 (0, k)=

meMK

Z Vitend,L2(p, b, m) 48001 15 (P, 1) =S pogr 12 (Psm) | (66)
bl €BP

o If VijenaL1(p.k) violates the maximum capacity or mini-
mum blend threshold constraints, volumes are adjusted by
moving the least amount possible of volume to the previous
L1-period or from the next L1-period, respectively.
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Figure 6. Flowchart for the MPIP planning algorithm.

Step 7: KWt D =g 41 jter=iter+ 1. Go back to
Step 3.

Step 8: Solve the second level Approximate Scheduling
model, to reduce the number of blend instances and product
transitions in the blenders and storage tanks. Stop.

Case Studies

The gasoline blending system shown in Figure 2, in con-
figurations with one, two, and three blenders, has been stud-
ied. In all cases, the system uses seven blend components
(ALK, BUT, HCL, HCN, LCN, LNP, and RFT) and pro-
duces three products (grades of gasoline U87, U91, and
U93). Each component has their particular storage tank.
There are three dedicated product tanks, one per each gaso-
line grade, and there are three swing tanks which can store
any product, but only one at a given time. A planning hori-
zon of 14 1-day L2-periods is used in all case studies
(H = 14 days, t;,(m)=1 day for all m). The minimum vol-
ume to blend in each blender in each L2-period is
VMINpjena(p.bl) =30 X 10° bbl, for all p and bl. The
demand orders involve a single product and their delivery
time windows are assumed to be 1 day. Eight blend proper-
ties are considered: aromatic content (% by volume, ARO),
benzene content (% by volume, BEN), olefin content (% by
volume, OLF), motor octane number (MON), research
octane number (RON), RVP (psi), specific gravity (SPG),
and sulfur content (% by volume, SUL). All blend properties
are assumed to blend linearly except RVP. Supporting
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Information of this article contains data describing product
specifications, properties, and availabilities of blend compo-
nents, tankage capacities, and information required for full
specification of the test cases. The cumulative curves and
pinch points for each profile demand are shown in Figure 8.
There is no maximum delivery rate for each order, that is,
the maximum delivery rate of the tanks is the maximum
limit. For the MILP volume allocation problem, the cost
coefficients for component inventory slack variables are set
to 1 X 10° and the cost coefficients for product inventory
slack variables appear in Supporting Information of this arti-
cle. Table 1 shows data describing the blenders. At the sec-
ond level, for all blenders, the penalty for a blend instance is

1 level (iter) (iter)

period k k+1
Positive inventory infeasibilities

~

nd
2 level m-1 'periedm’' m+l ' m+2

Next l
iteration 888385

st
1 level (iter+1) (ter+1) (iter+1)
period k period k+1 k+2

Figure 7. Subdivision of L1-periods according to the
solution of the second level model.

New boundary

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 8. Cumulative curves and pinch points for the six demand profiles.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

20 X 10° $, and for a product transition in a blender is 7 X
10 $. Notice that a blend instance is more penalized than a
product transition in a blender to use more efficiently the
blenders (i.e., at higher production rates). All data are pre-
sented in English system of units as it prevails in the refining
industry.

All case studies have been computed on a DELL Power-
Edge T310 (Intel® Xeon® CPU, 2.40 GHz, and 12 Gb
RAM) running Windows Server 2008 R2 OS. GAMS IDE
24.2.1 was used to solve each one of the case studies. The

first level NLP model was solved using IPOPT, and the sec-
ond level model was solved using CPLEX 12.6. To compare
the results obtained with the inventory pinch algorithm, the
corresponding full-space MINLP and MILP models were
solved for both the blend planning and approximate schedul-
ing problems. DICOPT (using IPOPT version 3.8), BARON
9.3.1, ANTIGONE® 1.1, and GloMIQO*'**> 2.3 were the
solvers used to solve the full-space MINLP models, and
CPLEX 12.6 to solve the full-space MILP model. The
mixed-integer quadratically constrained program (MIQCP)

Table 1. Blenders Data

Blender A B C
Allowable products U87, U91, U93 U91, U93 U87, U91
Minimum volume to blend in each 30 30 30
L2-period (X10° bbl)
Maximum blending rate (><103 bbl/h) Case study 1,2,3,8,9,10 7.5 — -
4,5,6, 11,12, 13 4.5 3 -
7,14 3 2.5 2
Minimum blending rate (x10° bbl/h) 1,2,3,8,9, 10 5 - -
4,5,6,11,12,13 3 2 -
7, 14 2 1.8 1.5
Minimum running time (h) Product us7 6 - 6
U9l 6 6 6
U93 6 6 -
Minimum idle time (h) us7 1 - 2
U9l 1 1 1
U93 2 1 -
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Figure 9. Case study 13—Cumulative curves, inventory
pinch points, and L1-periods. Blend planning
first iteration.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

required by GloMIQO is the full-space MINLP model
described in the Mathematical Models section, but Eq. 64
replaces Eq. 15.

When solving the full-space MINLP model with DICOPT,
starting points are important to find an optimal solution, or
even a feasible one. In our case studies, the starting point of
variable Vyjena12(p,bl,m), for all p, bl, and m, was set above
the minimum blend size threshold (i.e., VMINpjena(p,bl)).

As blend recipes computed by MINLP model are not
exactly the same, in order to compute the number of dif-
ferent recipes in the MINLP solution, two recipes are con-
sidered to be different if the absolute change of
composition percentage of any component is greater than

1%. As three grades of gasoline are being blended, the
total number of different blend recipes for all products is
divided by three.

Hlustrative example with two blenders and irregular
component supply

Case study 13 will be used to illustrate the steps of the
MPIP planning algorithm. This case study has demand pro-
file #5, two blenders (A and B), and the supply flow rate of
components is irregular along the planning horizon.

Blend Planning: Iteration 1. The corresponding cumula-
tive curves are shown in Figure 9, where it can be seen that
there are two inventory pinch points, one at the end of Day
7, and the other at the end of Day 8. Hence, three LI-
periods are required initially, k") = 1, starts at the beginning
of Day 1 until the first pinch point, X" =2 corresponds to
Day 8, and k" =3 goes from the beginning of Day 9 to the
end of the planning horizon. In the first iteration of the algo-
rithm, the minimum production to meet the aggregated
demand in each L1-period is given by Eq. 65. The blend rec-
ipes computed by the first level model are given in Table 2,
and the blend cost is Blend Cost; ; = 37,784.52 X 10° $.

Using the blend recipes from the first level, the second
level planning model is solved. Figure 10 shows the blend
plan for each blender, but it contains inventory infeasibil-
ities. The positive slack variables appear in L2-periods
m=4 (1277 X 10° bbl) and m =5 (14 X 10” bbl), both for
product U91. The negative slack variables appears in period
m = 14 for product U87 (10.42 X 10° bbl). From Figure 10
can be seen that blender A and B are working at full
capacity during period m = 5; thus, the slack in period m =5
must be preblended (see rule 6.a of the algorithm). L2-
Periods before m =5 have enough blending capacity

Table 2. Case Study 13—Optimal Blend Recipes (First Level)

First Iteration

Second Iteration

Blend Comp. L1-Period uk7 U91 U93 L1-Period uUs7 U91 U93
ALK =1 0.1747 0.245 0.1414 K2 =1 0.1636 0.2422 0.1874
BUT 0.0261 0.0368 0.0436 0.0262 0.0355 0.0435
HCL 0.0241 0.0374 0.0327 0.027 0.0309 0.029
HCN 0.0456 0.0615 0.0523 0.0366 0.04 0.0394
LCN 0.2765 0.1698 0.1168 0.2458 0.1978 0.1293
LNP 0.1708 0.0784 0.0368 0.1842 0.0854 0.031
RFT 0.2823 0.3711 0.5765 0.3165 0.3682 0.5404
ALK k¥ =2 0.1543 0.2486 0.1824
BUT 0.0263 0.0373 0.0442
HCL 0.0239 0.0465 0.0314
HCN 0.058 0.0793 0.0529
LCN 0.2791 0.1648 0.1174
LNP 0.169 0.0653 0.0276
RFT 0.2895 0.3583 0.5442
ALK =2 0.1537 0.2449 0.1788 K¥=3 0.1535 0.2434 0.1803
BUT 0.0252 0.036 0.0434 0.0252 0.036 0.0434
HCL 0.0286 0.038 0.0278 0.0289 0.0382 0.0277
HCN 0.0522 0.0606 0.0443 0.0533 0.0616 0.0443
LCN 0.3058 0.2003 0.1369 0.3056 0.1996 0.1372
LNP 0.1619 0.0702 0.0293 0.1613 0.0702 0.0289
RFT 0.2726 0.35 0.5395 0.2722 0.351 0.5381
ALK k=3 0.0152 0.1363 0.09 k¥ =4 0.0146 0.1347 0.0924
BUT 0.0197 0.0349 0.0416 0.0197 0.0351 0.0414
HCL 0 0 0 0 0 0
HCN 0.0011 0.0021 0.0017 0.0011 0.0021 0.0017
LCN 0.427 0.1617 0.1496 0.4255 0.1566 0.1564
LNP 0.2016 0.1554 0.0825 0.2022 0.1571 0.0801
RFT 0.3355 0.5096 0.6346 0.3371 0.5144 0.628

The significance of the bold characters is that they represent the L1-periods, where k represents the elements of the set K = (L1-periods). The superscript inside
the parenthesis represent the iteration number.
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Figure 10. Case study 13—Blend plan with inventory infeasibilities. Blend planning first iteration.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

available to blend both infeasibilities. Therefore, the
new boundary in the first level must be placed at the end of
day 4.

The new period boundaries at the first level are shown in
Figure 11; however, this time the CATP curve is replaced with
the actual CTP curve that is constructed by aggregating the
total production [i.e., X, 1Vpiend,2(,bl,m)] over time. When
the CTP curve is below the CTD, there are inventory infeasi-
bilities. This is easier to see on the grand composite curve.

Blend Planning: Iteration 2. In this iteration, the produc-
tion targets for each L1-period are computed using Eq. 66
and rule 6.a of the algorithm. The blend recipes computed
by the first level model are given in Table 2, and the blend
cost is Blend Cost; ; = 37,784.52 X 10° $, the same cost as
in the first iteration.

Using the blend recipes from the second iteration, the sec-
ond level planning model is solved. An optimal blend plan is
found with a cost equal to Blend Cost;, = 37,784.52 X 10°
$, the same as that of the first level. Because there are no
inventory infeasibilities this time, we proceed to solve the
second level approximate scheduling model.

Approximate Scheduling. The approximate schedule with
reduced number of blend instances and product transitions in
the blenders is shown in Figure 12 and its total cost is

= 2100 ‘

= ‘

2 1800 T LT hal=b

o 1500

£

= 1200

2

> 900

]

S 600

= ’

g 300 __~-

=

o 0

01234567 891011121314

Time (days)
CID ====CTP

Aggregated Inventory (kbbl)

Z1,=38,522.52 X 10° $. Idle times between blend runs are
not shown since the actual production schedule is not deter-
mined at this level. It is also determined that in this case no
product changeovers are required in the swing tanks.

The component and product inventory profiles correspond-
ing to the second level approximate scheduling (Figure 13)
are at the allowed minimums at the inventory pinch points
(i.e., at the end of the seventh and eighth day). Additionally,
it is observed that the inventory levels of some blend compo-
nents are at the minimum allowed at some points in the
planning horizon. In this particular case study, this is
observed at the inventory pinch points. In general, these
“pinch points on the components’ inventory profiles” will
appear at least for one blend component at the end of the
planning horizon and at least at one inventory pinch point.
There are two reasons for the appearance of these pinch
points on the components’ inventory profiles: (a) cheaper
components are used as much as possible, and (b) compo-
nents with the necessary qualities to produce products under
specification are scarce. If the “components’ pinch” occurs
because of reason “(a),” trying to blend more volume (i.e.,
increased production) before a components’ pinch might
result in a blend cost increase (i.e., more expensive materials
are used since cheaper components are not available). If this

250
200
] o Largest inventory

150 F';St "?}‘J’_‘T_’“‘”V infeasibilities at the
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Figure 11. Case study 13—Cumulative curves and L1-periods.

Blend planning second iteration. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 12. Case study 13—(a) Blend plan and (b) production sequence.

Approximate scheduling. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

type of pinch appears because of reason “(b),” then trying to
increase production before the components’ pinch is not pos-
sible (first level will present non-zero slack variables) since
the blend cannot reach the quality specifications. In this
illustrative example, the components’ pinch occurs because
of reason “(b)” there is not enough ALK and RFT available
to blend more before Day 8. ALK and RFT have the highest
RON and MON values from among the blend components;
other components have RON and MON values smaller than
the minimum spec, or if they have a greater RON and MON
value, they have RVP and SPG value above the maximum
spec. Therefore, no more than the production targets given
in can be blended before Day 7 or Day 8 in Case study 13.

Results and Discussion

To evaluate the performance of the MPIP algorithm, we
compared the solutions from our algorithm with those pro-
vided by the full-space models and the execution times
required to obtain them.

Blend planning

All problems were solved to an optimality gap less than
or equal to 0.001%. The MPIP algorithm and the full-space
models found the same optimal objective function value (see
Table 3). The solution times of the MPIP planning algorithm
(using IPOPT for the NLP model and CPLEX for the MILP
model) are much smaller than those required by DICOPT to
solve the corresponding MINLP model (almost two orders of
magnitude lower). We chose to compare with DICOPT
solver because it provided the smallest execution times when
compared with the other selected MINLP solvers. We know
that the solutions found by DICOPT and by MPIP algorithm
are globally optimal, as they are equal to the solution of
full-space MILP (which in this special case, via transforma-
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tions, is able to solve our test problems as linear MILP mod-
els). It is interesting to note that our algorithm leads to
execution times which are about the same as the times
required to solve the equivalent MILP model. In addition,
our algorithm requires a small number of iterations (in most
of our case studies only one iteration is required). Moreover,
our approach leads to a smaller number of different blend

150
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120

Volume (kbbl)

012 3 456 7 8 9101-13.21314
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Figure 13. Case study 13—(a) Product and (b) compo-
nent inventory profiles.

Approximate scheduling.
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Table 5. Approximate Scheduling—Results for MPIP Planning Algorithm

MPIP Algorithm (IPOPT + CPLEX)

Case Study ID Total Cost (X103 $)

Blend Cost (X103 $)

Switching Cost (X103 $) CPU Time (s)

38,014.5
38,901.8
38,550.1
38,569.1
38,312.6
37,988.3
38,156.5
38,4229
39,427.2
10 39,004.2
11 39,030.2
12 38,705.4
13 38,522.5
14 38,603.4

O 001N WA W=

Average difference of the total cost with respect to best lower bound (X10* $)

37,5425 472.00 2809.3
38,309.8 592.00 18.5
37,991.1 559.00 22.5
37,991.1 578.00 1871.8
37,680.6 632.00 72.4
37,3243 664.00 26.2
37,3715 779.00 118.7
37,943.4 479.50 140.2
38,754.2 673.00 8.7
38,405.2 599.00 14.3
38,405.2 625.00 119.6
38,073.4 632.00 83.4
37,784.5 738.00 75
37,796.4 807.00 1104.1

122

Stopping criteria: 0.1% optimality gap or 10,800 s.

recipes per product compared to the solution of the corre-
sponding full-space models (see Table 3). Significant
reduction is seen in the cases with few number of pinch
points and blenders; this is because the full-space models
can have different recipes for the same product for differ-
ent blenders in the same time period. In addition, repeated
recipes from the solution of the full-space models may or
may not be used in adjacent periods; thus, the number of
recipe switching is equal or greater than the number of
different recipes.

Approximate scheduling

The approximate schedules computed by the MPIP planning
algorithm were compared with the full-space models. The ter-
mination criteria was 10,800 s (CPU time) or an optimality gap
less than or equal to 0.001%. DICOPT was not used in this
evaluation since it requires to solve the MILP subproblems to
optimality to guarantee a local optimum; however, it was not
possible to achieve that within the maximum allocated time of
3 h. Results from BARON are not shown because it was able
to find feasible integer solutions only for some of our case
studies and with optimality gaps greater than 3%.

Table 4 shows the results obtained by CPLEX, ANTIGONE,
GloMIQO, and the MPIP planning algorithm. The results from
full-space MILP were used to determine the global optimum
and the best lower bound. In the majority of our case studies,
MPIP algorithm computed better solutions than ANTIGONE
and GloMIQO solvers and in much shorter execution times.
All ANTIGONE and GloMIQO runs stopped at 10,800 s with

optimality gaps larger than 0.2%. Only in two test cases (no. 1
and no. 4) MPIP algorithm stopped at 10,800 s time limit. In
both of these cases, the results from MPIP are slightly better
than the results computed by GloMIQO and ANTIGONE. In
test case no. 9, MPIP algorithm converged after 17 s, but the
solution is 0.4% higher than GloMIQO.

Although the MILP model at the second level achieves
optimality gaps smaller than or equal to 0.001%, it is noted
that the solutions of the MPIP planning algorithm are higher
than the best integer solution given by the full-space MILP.
The reason for this difference is that the blend recipes define
the feasible region at the second level and they are only
being redefined to account for inventory feasibility, but there
is no feedback that would cause the computation of new rec-
ipes that will minimize the number of product transitions in
the blenders and swing tanks. Nevertheless, the difference
between the MPIP algorithm solution and the true optimum
will only be significant when the penalty for such transitions
is much greater than the unit costs of the blend components.
For our case studies, the average relative difference between
the MPIP solution and the best lower bound is less than
0.33%. As another test of MPIP algorithm performance, we
solved all test cases with 0.1% optimality gap at the second
level. The execution times are even shorter and the function
values are on average still closer to the best lower bound
than those computed by ANTIGONE and GloMIQO (com-
pare data in Tables 4 and 5).

Table 6 shows the number of equations, continuous varia-
bles, discrete variables, and non-zero elements in the full-

Table 6. Model Size Comparison

# Continuous # Discrete # Nonlinear
Model # Equations Variables Variables # Non-Zeros Terms
Full-space MINLP model (one blender) 5928 2753 609 16,646 1176
Full-space MINLP model (two blenders) 7906 3655 837 23,455 1960
Full-space MILP model (one blender) 5550 2375 609 15,554 0
Full-space MILP model (two blenders) 7600 3306 837 23,052 0
Firstlevel NLP model (MPIP algorithm, 326 162 0 955 42
two L1-periods)
First level NLP model (MPIP algorithm, 473 237 0 1416 63
three L1-periods)
Second level MILP model (MPIP algorithm, 4541 2375 609 11,017 0
one blender, two fixed recipes)
Second level MILP model (MPIP algorithm, 6003 3306 837 15,575 0

two blenders, two fixed recipes)
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space models and our decomposition approach for blend
planning case studies. Nonlinear aspects of the blending
model are solved at the first level, where number of equa-
tions and variables are significantly smaller than in the full-
space MINLP model. The second level model MILP is
approximately the same size as the full-space models. Sepa-
ration of the nonlinear blend optimization from linear
model-based production planning enables MPIP algorithm to
optimize blend plans or approximate blend schedules much
faster than the corresponding full-space MINLP models.

Conclusions

We have presented a new inventory pinch based, two-level
decomposition approach which (1) incorporates nonlinear
blending models into integrated planning and approximate
scheduling of gasoline blends, (2) includes blender switching
and swing tankage management, (3) computes optimal blend
plans with significantly smaller number of distinct blend rec-
ipes than the fine grid multiperiod MINLP models, (4) com-
putes approximate schedules with similar or lower cost than
those computed by global MINLP solvers used in this study,
and (5) achieves much shorter execution times.

Rapid computation of optimal blend plans is accomplished
by decomposing the blend planning optimization model into
two levels: the first level handles the constraints related to
operating conditions (e.g., quality constraints and blend recipe
computation) by solving a NLP model, and the second level
determines the actual production plan and allocation of swing
tankage using optimal blend recipes from the first level in a
MILP model, subject to availability of blend components,
inventory storage limits, and minimum blend threshold con-
straints. These blend plans are then used to compute approxi-
mate blend schedules, which minimize total number of blend
switches and product changeovers in the swing tanks.

Case studies with one, two, and three blenders have been
presented. Our case studies have been constructed in such a
way that after some transformations they can also be solved
as an MILP model. That has enabled us to compute rapidly
the global optimum and confirm that the blend plans com-
puted by MPIP are also globally optimal. In 10 out of 14
case studies, MPIP algorithm finds a better solution for the
approximate scheduling problem than ANTIGONE or Glo-
MIQO and typically in much shorter execution times.

Our results show that the solutions computed by the MPIP
planning algorithm are exactly the same as the optimum solutions
computed by the corresponding full-space MINLP and MILP
models when the objective function of the second level contains
only variables that are aggregated at the first level (e.g., volumes
to blend); and close-to-optimum solutions when the objective
function of the second level contains variables that are not aggre-
gated at the first level (e.g., switching variables) with penalty
coefficients similar to the unit costs of blend components.

Part II of this article deals with detailed scheduling based
on the approximate blend schedule computed at the second
level of the MPIP algorithm.
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Notation
Subscripts

be = refers to a variable or parameter related to the blend component tanks
blend = refers to a variable or parameter related to the blenders
comp = refers to a variable or parameter related to the transfer of vol-
ume between component tanks and blenders
L1 = refers to a variable or parameter of the first level
L2 = refers to a variable or parameter of the second level
order = refers to a variable or parameter related to the product orders
pool = refers to a variable or parameter related to the product pools
pr = refers to a variable or parameter related to the individual product
tanks
trans = refers to a variable or parameter related to the transfer of vol-
ume between blenders and product tanks or pools

Superscripts

max = refers to a maximum value that a variable may have
min = refers to a minimum value that a variable may have if different
from zero
start = refers to the initial value at the beginning of the planning hori-
zon that a variable may have
target = refers to a target value for a variable

Parameters

Costye(7) = cost of blend component i
Dy (j) = maximum delivery rate of tank j
Demand(o) = demand of order o for the complete scheduling
horizon
Demand,oo1,L1(p.k) = aggregated demand of product p in L1-period &
Demand,,; 1 »(p,m) = demand of product p in L2-period m
dt; »(0,m) = time available to deliver order o during L2-period
m
Fy.(i,o) = supply flow rate of blend component i during time
interval o
Fiiig (b)) = maximum blending rate of blender bl
Fiiohg (b1) = minimum blending rate of blender bl
H = length of the planning horizon
itmin  (p,bl) = minimum idle time required by blender bl before
processing product p
np(bl) = number of products that can be produced in a L2-
period in blender bl
Penaltyy,. 11 = penalty for the inventory slack variables of blend
component tanks
Penaltypoo1 = penalty for the inventory slack variables of product
pools
Penaltyy,. 1 »(m) = penalty for the inventory slack variables of compo-
nent i in L2-period m
Penaltypoo12(m) = penalty for the inventory slack variables of product
pool p in L2-period m
Penalty,. 1 »(m) = penalty for the inventory slack variables of product
tank j in L2-period m
PenaltyBR| »(bl) = penalty for a blend instance processed in blender
bl during a L2-period m
PenaltyBS; , = penalty for a product transition in a blender at the
second level
PenaltyTS(j) = penalty for a product transition in a swing tank at
the second level

Ohc(ie,k) = quality e of blend component i during L1-period &
05 (p.e) = maximum requirement of quality e in grade p
o (p.e) = minimum requirement of qua}lty e in gr?de P
r(i,p) = maximum composition specification of product p

» regarding blend component i
#™"(i,p) = minimum composition specification of product p
regarding blend component i
tpe11(0,k) = duration of time interval where blend component
supply flow rate o occurs in L1-period k&
tye12(0,m) = duration of time interval where blend component
supply flow rate o occurs in L2-period m
’gfie':m (p,bl) = minimum running time required by blender bl
when processing product p
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tL1(k) = duration of L1-period k
t12(m) = duration of L2-period m
u*™(j,p) = product p stored in tank j at the beginning of the
planning horizon
uof; »(0,m) = parameter which value is 1 if order o0 may be deliv-
ered during L2-period m (i.e., delivery window of
order o spans L2-period m) and 0 otherwise
Ve (i) = maximum holdup of tank with blend component
Vie™ (i) = minimum holdup of tank with blend component i
Vitart (j,p) = volume of blend component i stored at the begin-
ning of the planning horizon
Vilend.L1(p,k) = volume of product p to blend in L1-period k

Vool () = maximum holdup of product pool p
Viin (p) = minimum holdup of product pool p

VE‘;{{ (p) = total volume of product p stored at the beginning
of the planning horizon

V;ffﬁ L1(p,k) = target inventory for product pool p in L1-period k
Vmax (7y = maximum holdup of tank j

Vit (j) = minimum holdup of tank j
VSt (jy = volume stored in tank j at the beginning of the
planning horizon
VMINpjena(p,bl) = minimum volume allowed to blend of product p in
blender bl during each L2-period

Binary variables

up»(j,p,m) = binary variable that indicates if tank j is storing product
p in L2-period m
uey »(j,;m) = binary variable that indicates if there is a product transi-
tion in tank j at the beginning of L2-period m
vio(j,p,bl,m) = binary variable that indicates if tank j is receiving prod-
uct p from blender bl in L2-period m
yi2(p,bl,g) = binary variable that indicates if product p occupies slot g
in order to estimate the production sequence of blender
bl at the second level
Xxpo(p,bl,m) = binary variable that indicates if product p is processed in
blender bl in L2-period m

Continuous variables

Blend = Costy ; = total blend cost at the first level
Blend = Cost;, = total blend cost at the second level
Deliverp,12(j,m) = volume of tank j shipped/lifted at the end of L2-
period m
Deliverpqop,2(p,m) = volume of product p shipped/lifted at the end of
L2-period m
ofi »(0,m) = fraction of order o to be delivered during L2-
period m
OprL1(pse,k) = quality level of property e of product p in L1-
period k
r(i,p,k) = volume of blend component i into product p in L1-
period k (it becomes a parameter in the second
level model)
Spe1.1(ik) = positive inventory slack variable of blend compo-
nent i at L1-period k
SpeL1 (k) = negative inventory slack variable of blend compo-
nent i at L1-period k
Spe12(i;m) = positive inventory slack variable of blend compo-
nent i at L2-period m
Sper2(i;m) = negative inventory slack variable of blend compo-
nent i at L2-period m
S;rml_u(p,k) = positive inventory slack variable of product pool p
at L1-period k
SpoolL1 (P-K) = negative '%nventory slack variable of product pool p
at L1-period &k
S;rml_u(p,m) = positive inventory slack variable of product pool p
at L2-period m
SpoolL2(P-m) = negative inventory slack variable of product pool p
at L2-period m
S;‘Ll(i,k) = positive inventory slack variable of product tank j
at L1-period k
SprL1 (i) = negative inventory slack variable of product tank j
at L1-period k&
S;‘Lz(i,m) = positive inventory slack variable of product tank j
at L2-period m
Sper2(i;m) = negative inventory slack variable of product tank j
at L2-period m
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tplend.L2(p,bl,m) = estimated time to process product p in blender bl
in L2-period m
Voe1(i,k) = volume stored in component tank i at the end of
L1-period k
Vier2(i,m) = volume stored in component tank i at the end of
L2-period m
Vblend.L2(p,bl,m) = volume of product p to process in blender bl in L2-
period m
Veomp,L1(I,p,k) = volume of blend component i into product p in L1-
period k
Veomp,L2(i,p,bl,m) = volume of blend component i into product p in
blender bl in L2-period m
VpooL,L1(P-k) = volume stored in product pool p at the end of L1-
period k
Vpool,L2(p-m) = volume stored in product pool p at the end of L2-
period m
Vpr,L1(j.k) = volume stored in product tank ;j at the end of L1-
period k
Vpr,L2(j;m) = volume stored in product tank j at the end of L2-
period m
Virans.L2(/,p,bl,m) = volume transferred of product p from blender bl to
tank j in L2-period m
0—1 continuous variable that indicates if a state
transition has occurred in blender bl at the begin-
ning of L2-period m
71,1 = objective function value at the first level
Zy, = total cost at the second level
715" = objective function value at the second level, blend
planning
71,°™ = objective function value at the second level,
approximate scheduling

xep»(p,bl,m)
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Appendix A: Equivalence of the Full-Space
MINLP/MILP and the MPIP Planning Models

In this appendix, we will show how the first and second level
models described in the article are can be obtained from the full-
space model. The derivation presented here uses reasoning similar
to Li and lerapetritou.”® Let us consider the following full-space
optimization model (Al), also known as a single level model

min  cx
st. xeX (A1)
x>0

x represents all the variables (continuous and integer), and X
represents the feasible space given by all the sets of constraints
on x (linear and nonlinear). Therefore, (Al) may represent a
full-space MINLP or MILP model. Let us consider that we have
a planning horizon originally discretized in M time periods
(M = {m}, i.e., the L2-periods). Suppose we can aggregate over
time some of the variables in the model. This aggregation is car-
ried out over K nonoverlapping time intervals that span the
entire planning horizon (K = {k}, i.e., the L1-periods). Let us
define x in terms of variables that can be aggregated (x,(m)),
variables that may have a fixed value during an aggregated time
interval (y,(m)), variables that cannot be aggregated (z,(m)), the
aggregated variables (x;(k)), and variables representing the fixed
property/condition during an aggregated interval (y(k))

x = {x(k), y1(k), x2(m), ya(m), zo(m) } (A2)
By definition

=> xam)  Vk (A3)

mek

yi(k)=y2(m) V(m, k) € MK (m, k) (A4)

where MK(m,k) is the set that indicates which adjacent time
periods m are aggregated as the interval k. It is noted that x;(k)
can only represent continuous variables, whereas y;(k) can rep-
resent continuous and discrete variables. In terms of the gasoline
blend planning problem, x;(k) represents the aggregated produc-
tion volumes at the first level, and y;(k) represents the blend rec-
ipes and the quality values of the blends. Let us rewrite model
(A1) as (AS), which is still the original full-space model

minxz:}’z-lz Zm [CIXZ(m)+C2y2(m)+C3Zz(m)]
st. xp(m),ya(m),za(m) € X Ym (A5)
x2(m),y2(m), z2(m) >0 Vm

Model (A6) is obtained by substituting the aggregated variables
into Model (A5). The constraints can now be divided into two
sets. One set will contain all the equations regarding the x;(k) and
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y1(k) variables, and the associated feasible space is denoted as X;.
The second set of constraints will consist of all the equations con-
taining the x,(m), y>(m), and z,(m) variables, with X; as the associ-
ated feasible space

min .y, y, 2, 3 [c1x1 (k) +eai(k)yi (k)] + 32, caza(m)
S.t. Xl(k),yl(k) eX, Vk
2 omex X2 (m)=x1(k) vk

(A6)
vo(m)=yi(k)  V(m, k) € MK(m,k)
Xa(m),ya(m),zo(m) € X, Vm
x1(k), y1(k), x2(m), y2(m), z2(m) > 0 Vk,m

Model (A6) can be written as a two-level problem given by (A7),
which is analogous to our first level model plus the second level
approximate scheduling model of the MPIP planning algorithm

min y, y, Y, [c1x1(k) +e2i(k)yi (k)] +f>

st. xi(k),yi(k) € Xy Vk

x1(k),y1(k) =0 Vk

where
fo=min )" c325(m)
st. > e a(m)=xi(k) Vk
ya(m)=y, (k) V(m, k) € MK (m, k)

x2(m),y2(m),z2(m) € Xo Vm

xa(m),y2(m), z2(m) >0 Vm
(AT)

It can be noted that X, is a relaxation of X because not all the
original equations are considered in it. X, is a contraction of X
because all the original equations are considered (except those
corresponding to y,(m), but because y,(k)€X,, then y,(m) is feasi-
ble) plus some new restrictions [i.e., (A3) and (A4)]. Therefore,
the feasible space X, depends on the values of x;(k) and y(k). It
is possible that X, will include the optimum x* from the original
X when the number of aggregated intervals K is greater than
some minimum number £*; in other words, when K > k* the val-
ues of x(k) and y;(k) are such that the feasible space X, will con-
tain the optimum x* from X. Finding this minimum number k* is
the objective of the MPIP planning algorithm.

If we assume that the objective function only contains aggre-
gated variables, that is, c3 =0, Model (A7) can be expressed as

Model (A8)
min.y, y, 32 [e1x1 (k) +e2i(k)yi (k)] +1f2
st. x(k),yi(k) € Xy Vk
x1(k),yi(k) =20 Vk
where

/=0
st. > e a(m)=xi(k) Vk
y2(m)=y, (k) V(m, k) € MK (m, k)
xa(m),y2(m),z2(m) € Xo Vm

x2(m),y2(m),z2(m) >0 Vm
(A8)
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Therefore, it can be seen that the second level model is just a
feasibility problem. Model (A8) is analogous to the first level
plus the second level blend planning model of our MPIP plan-
ning algorithm. We can include slack variables (s;(k) and s,(m))
at each level of the model to obtain a numerical feasible solu-
tion even when some constraints are violated. P represents the
penalty coefficients. A physically feasible solution will have all
the slack variables equal to zero. From Model (A8), it can be
seen that the blend cost value is fixed according to x;(k) and
y1(k); however, we observed that the inclusion of the blend cost
term in our MPIP second level model formulation speeded up
the solution of the feasibility problem.

We can define the lower and upper bounds (LB and UB,
respectively) as follows

LB =arg{ min Z [clxl(k)+czy1(k)+Psl(k)]} (A9)
3

x1,y1€X4

UB =arg { min

[Clxz(m)+02Y2(m)+P52(m)}} (A10)
X2,)2€X2 p

The MPIP algorithm finds the minimum number of aggre-
gated time intervals, k*, by subdividing the intervals at the first
level at each iteration (iter) if UB%*” > LB%*”. For blend plan-
ning (Model A8), the MPIP algorithm computes optimal solu-
tions since the pinch points define the minimum production
target and the rules to eliminate infeasibilities preblend as low
as possible. For approximate scheduling (Model A7), current
solutions may only be considered near-optimal as long as the
coefficients denoted by c3 are similar or smaller in magnitude to
coefficients ¢; and c¢,. This is due to term f, not being estimated
at the first level by our algorithm.
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